We show that there exist smooth, simply connected, fourdimensional spin manifolds which do not admit Einstein metrics, but nonetheless satisfy the strict Hitchin-Thorpe inequality. Our construction makes use of the Bauer/Furuta cohomotopy refinement of the Seiberg-Witten invariant [3, 9] , in conjunction with curvature estimates previously proved by the second author [17] . These methods also allow us to construct infinitely many new examples of topological 4-manifolds which admit an Einstein metric for one smooth structure, but which have infinitely many other smooth structures for which no Einstein metric can exist.
Introduction
A smooth Riemannian metric g is said to be Einstein if its Ricci curvature, considered as a function on the unit tangent bundle, is constant. As recently as the 1960's, it could have seemed reasonable to hope that every smooth compact simply connected manifold might admit such a metric; and, indeed, it was apparently with this goal in mind that Yamabe [25] carried out his trail-blazing work on the total scalar curvature. In the late 1960's, however, Thorpe [23] observed, as a parenthetical remark, that a compact oriented 4-dimensional Einstein manifold (M 4 , g) must satisfy the inequality
where χ denotes the Euler characteristic and τ denotes the signature. This inequality was rediscovered several years later by Hitchin [12] , who went on to give examples of simply connected 4-dimensional manifolds which violate inequality (1) , and thus do not admit Einstein metrics. In light of this, (1) has come to be known as the Hitchin-Thorpe inequality [4] . Perhaps the deepest results in Hitchin's paper concern the boundary case of inequality (1) ; for it was shown in [12] that a simply connected 4-dimensional Einstein manifold with 2χ = −3τ must be Ricci-flat, Kähler, and diffeomorphic to the Kummer surface K3. In particular, this implies that most simply connected 4-manifolds satisfying 2χ = 3|τ | do not admit Einstein metrics; and this applies not only to examples of the 'wrong' homotopy type -e.g. CP 2 #9CP 2 --but also to an infinite class of manifolds [8, 6 ] now known to be homeomorphic but not diffeomorphic to K3. Since Yau [26] showed that K3 actually admits Einstein metrics of the kind described in Hitchin's result, this shows, in particular, that the existence of Einstein metrics on a 4-manifold is a matter of diffeotype, and not just of homeotype.
By contrast, for simply connected 4-manifolds satisfying the so-called strict Hitchin-Thorpe inequality
obstructions to the existence of Einstein metrics remained unknown until 1996, when the second author [15] used scalar curvature estimates derived from the Seiberg-Witten equations to display an infinite class of 4-manifolds which do not admit Einstein metrics, but nonetheless satisfy (2) . The examples given there were non-minimal complex surfaces of general type, however, and so, in particular, were all non-spin. Even though these results have been subsequently improved [17] via the introduction of Weyl-curvature terms into the estimates, the non-spin character of the examples seemed to reflect an essential feature of the construction. This made it natural to wonder about the following:
Question 1 Are there simply connected 4-dimensional spin manifolds which do not admit Einstein metrics, but which nonetheless satisfy the strict Hitchin-Thorpe inequality (2)?
In Theorem 9 below, we will see that the answer is affirmative. Our construction depends crucially on a recent breakthrough in Seiberg-Witten theory, due to Furuta [9] and Bauer [3] , used in conjunction with recent curvature estimates due to the second author [17] .
Another curious defect of the examples constructed in [15, 16, 17] is that, when oriented so that the signature is negative, all have the the property that b + is odd. This merely reflects the fact these examples are all almost-complex, and the integrality of the Todd genus implies that b + must be odd for any simply connected almost-complex 4-manifold. However, the Einstein condition is independent of orientation, and these examples can certainly have b − of either parity. Might it not be reasonable to hope that this geographical curiosity was merely an artifact of the construction? Question 2 Are there simply connected 4-manifolds, with τ < 0 and b + even, which do not admit Einstein metrics, but which nonetheless satisfy the strict Hitchin-Thorpe inequality (2)?
In Theorem 11 below, we will see that the present methods allow one to construct such examples in considerable abundance.
Finally, we return to the heavy dependence of these questions on the choice of smooth structure. As already noted, while K3 admits a smooth structure for which Einstein metrics exist, it also admits infinitely many smooth structures for which Einstein metrics do not exist. Is this typical? Question 3 Let M be a compact simply connected topological 4-manifold which admits at least one smooth structure. Are there always infinitely many distinct smooth structures on M for which no compatible Einstein metric exists? While we are certainly not able to answer this question in full generality, we are, in Theorems 9, 11 and 12, at least able to give an affirmative answer for infinitely many homeotypes satisfying (2) . Interestingly, many of these examples also have the property that, like K3, they also admit smooth structures for which compatible Einstein metrics do exist.
The infinite-fundamental-group analogue of Question 3 would still appear to be a topic worthy of investigation. By contrast, however, the infinitefundamental-group analogues of Questions 1 and 2 are susceptible to the homotopy-theoretic volume estimates pioneered by Gromov, and affirmative answers [11, 19] to the corresponding questions have therefore already been known for some time.
Monopole Classes and Curvature
If M is a smooth oriented 4-manifold, we can always find Hermitian line
For any such L, and any Riemannian metric g on M, one can then find rank-2 Hermitian vector bundles V ± which formally satisfy
where S ± are the locally defined left-and right-handed spinor bundles of (M, g). Such a choice of V ± , up to isomorphism, is called a spin c structure c on M, and is determined, modulo the 2-torsion subgroup of
of the spin c structure. Because S + is a quaternionic line bundle, there is a canonical anti-linear isomorphism
If A is such a connection, and if Φ is a section of V + , the pair (Φ, A) is said to satisfy the Seiberg-Witten equations [24] if
Here F + A is the self-dual part of the curvature of A, and we have identified Because the Seiberg-Witten equations imply a uniform a priori bound on |F + A | for any given metric on g on M, it follows [24] that the set C of monopole classes of any 4-manifold M is necessarily finite. Also note that a ∈ C ⇐⇒ (−a) ∈ C, since complex conjugation sends solutions of the Seiberg-Witten equations to solutions of the Seiberg-Witten equations. Finally, notice that, for any a, b ∈ C, a − b is automatically divisible by 2 in the lattice H 2 (M, Z)/torsion, since the corresponding first Chern classes are both ≡ w 2 mod 2. With these observations in mind, we will now introduce a crude but effective diffeomorphism invariant of 4-manifolds.
/torsion be the set of monopole classes of M. If C contains a non-zero element (and hence at least two elements), we define the bandwidth of M to be
If, on the other hand, C ⊂ {0}, we define the bandwidth BW(M) to be 0.
As was first pointed out by Witten [24] , the existence of a monopole class implies an a priori lower bound on the L 2 norm of the scalar curvature of Riemannian metrics. More recently, the second author then discovered [16, 17] that (3-4) also imply a family of analogous estimates involving the self-dual Weyl curvature. For our present purposes, the most useful of thee estimates is the following [17] : Proposition 4 (LeBrun) Let M be a smooth compact oriented 4-manifold with monopole class a ∈ H 2 (M, Z)/torsion ⊂ H 2 (M, R). Let g be any Riemannian metric on M, and let a + ∈ H 2 (M, R) be the self-dual part of a with respect to the 'Hodge' decomposition
of second de Rham cohomology, identified with the space of g-harmonic 2-forms, into eigenspaces of the ⋆ operator. Then the scalar curvature s and self-dual Weyl curvature W + of g satisfy
where dµ denotes the Riemannian volume form of g, and where the pointwise norms are calculated with respect to g. Moreover, if a + = 0, and if a is not the first Chern class of a symplectic structure on M, then the inequality is necessarily strict.
The Bauer-Furuta Invariant
The usual Seiberg-Witten invariant [22, 18] of a smooth compact oriented 4-manifold with b + ≥ 2, equipped with some fixed spin c structure c, is obtained considering the moduli space of solutions of (3-4), for a generic metric g, as a homology class in the configuration space
However, one may instead think of this moduli space as defining a framed bordism class in the space D ⊂ B of solutions of (3). Pursuing this idea, Furuta [9] and Bauer [3] , working quasiindependently, were able to define a refinement of the Seiberg- Now, recall that a celebrated result of Taubes [21] asserts that the mod-2 Seiberg-Witten invariant is non-zero for the canonical spin c structure of any symplectic 4-manifold. Since the non-vanishing of the Bauer-Furuta invariant forces the existence of solutions of the Seiberg-Witten equations, we immediately obtain the following consequence:
Corollary 6 Let X, Y , and Z be compact oriented simply connected symplectic 4-manifolds with b + ≡ 3 mod 4. Then, with respect to the canonical isomorphisms
the cohomology classes
are monopole classes on X#Y and X#Y #Z, respectively. Here the ± signs are arbitrary, and independent of one another.
Obstructions to Einstein Metrics
When combined with the ideas of [17] , Corollary 6 immediately implies a non-existence result for Einstein metrics. Similarly, X#Y #Z#kCP 2 does not admit Einstein metrics if
Proof. We begin by making the identification
in the process make a choice of generators E j , j = 1, . . . , k for the k copies of H 2 (CP 2 , Z) ∼ = Z. Now recall that there are self-diffeomorphisms of X#kCP 2 which act trivially on H 2 (X, Z), but for which
for any desired choice of signs. Thinking of X#kCP 2 as the k-fold symplectic blow-up of X, and then moving the symplectic structure via these diffeomorphism, we thus obtain 2 k distinct symplectic structures on X#kCP 2 , with first Chern classes
for all possible choices of signs. Applying Corollary 6 to (X#kCP 2 )#Y and (X#kCP 2 )#Y #Z, we thus conclude that all the classes of the form α + k j=1 (±E j ) are monopole classes, where
Now, given any particular metric g on M, let us make a new choicê E j = ±E j of generators for our k copies of H 2 (CP 2 , Z) in such a way that
The resulting monopole class
Proposition 4 therefore tells us that any metric g on M satisfies
(The inequality is strict because a 2 > (2χ+3τ )(M), and this guarantees that a is certainly not the first Chern class of a symplectic structure.)
Now for any metric g on our compact orientable 4-manifold M, we have the Gauss-Bonnet type formula [4, 12] 
where
g is the traceless Ricci tensor. If g is Einstein,
• r= 0, and inequality (5) then becomes
For M = X#Y #kCP 2 , we have (Z) − 8 − k, so that inequality (6) instead tells us that a necessary condition for the existence of an Einstein metric on M is that
or in other words that
We thus conclude that there cannot be an Einstein metric if
and this finishes the proof.
In particular, setting k = 0 yields: 
Spin Examples
In this section, we construct a sequence of 4-dimensional spin manifolds which do not admit Einstein metrics, but nonetheless satisfy (2) . Not only will we construct examples with an infinite number of homeotypes, but we will also show that each of these homeotypes carries an an infinite number of distinct smooth structures with the desired property.
We begin with a collection of symplectic spin manifolds constructed by Gompf [10] . For arbitrary integers k ≥ 2 and m ≥ 0, Gompf showed that one can construct, by symplectic surgery methods, a simply connected symplectic spin manifold with (χ, τ ) = (24k + 4m, −16k). In particular, setting m = 2, there is a simply connected symplectic spin 4-manifold X k with (χ, τ ) = (24k + 8, −16k). This manifold has intersection form −2kE 8 ⊕ (4k + 3)H, and so is homeomorphic to k(K3)#(4k + 3)(S 2 × S 2 ) by the Freedman classification [7] . Notice that b + (X k ) = 4k + 3 ≡ 3 mod 4, and that c 2 1 (X k ) = (2χ + 3τ )(X k ) = 16. It is perhaps worth remarking that most of these symplectic manifolds cannot be taken to be complex surfaces, as most violate the Noether inequality c
On the other hand, we are free e.g. to take X 4 to be a smooth complex hypersurface of tridegree (4, 4, 2) in CP 1 ×CP 1 ×CP 1 . In any case, it merely suffices for what follows that we choose one such symplectic manifold
The other ingredient we will need is a certain sequence of homotopy K3 surfaces. Let With these building blocks in hand, we now proceed to prove the following result:
Theorem 9 For any integer k ≥ 2, the topological spin manifold
admits infinitely many distinct smooth structures for which there cannot exist compatible Einstein metrics. Moreover, this topological manifold has
and thus satisfies the strict Hitchin-Thorpe inequality 2χ > 3|τ |.
Proof. Consider the simply connected 4-manifolds
Each of these smooth oriented 4-manifolds is homeomorphic to
However, since b + (X k ) = 4k + 3 and b + (Y 0 ) = b + (Y ℓ ) = 3 all reduce to 3 mod 4, and since
Corollary 8 asserts that none of these smooth manifolds M k,ℓ can admit an Einstein metric. Now, for any fixed k, observe that the sequence {M k,ℓ | ℓ ∈ N} must contain infinitely many different diffeotypes. Indeed, Corollary 6 asserts that a = c 1 (
is divisible by 4ℓ, and the bandwidth of M k,ℓ , as defined in Definition 2, therefore satisfies
Thus, for any fixed k, sup
and it follows that no individual M k,ℓ has maximal bandwidth, for any given k. Hence {M k,ℓ | ℓ ∈ N} runs through infinitely many different diffeotypes for each k, and the claim follows.
Non-Spin Examples
We conclude this article by showing that Theorem 7 also provides a rich source of non-spin 4-manifolds without Einstein metrics. We will begin with a sequence of simply connected symplectic manifolds constructed by Gompf [10] . Namely, for each integer ℓ ≥ 2, there is a compact simply connected symplectic 4-manifold X ℓ with Todd genus 1 4 (χ+τ )(X ℓ ) = ℓ and c 2 1 (X ℓ ) = 8ℓ − 11. The easiest thing to do with these examples is to apply the results of [17] , whereby one gets non-existence of Einstein metrics on X ℓ #kCP 2 for k ≥ (8ℓ − 11)/3. Since the resulting manifolds are simply connected and non-spin, with b + = 2ℓ − 1 and b − = 2ℓ + 10 + k, Freedman's theorem [7] immediately yields Example For any integer p ≥ 6 with p ≡ 2 mod 4, set m = p 2 − 3p + 3 and n = 3p 2 − 3p + 1. We then have m ≡ 1 mod 4, m ≥ 9, and n > 7 3 m + 12; thus, Theorem 12 therefore asserts that there are infinitely many smooth structures on mCP 2 #nCP 2 for which no Einstein metrics exists. However, this homeotype is also realizable by the double branched cover of CP 2 , ramified over a smooth curve of degree 2p. This complex surface contains no (−1)-or (−2)-curves, and so has ample canonical line bundle [2] ; the Aubin/Yau theorem [1, 26] thus predicts that it admits an Einstein metric (which can be constructed so as to also be Kähler). The situation is thus analogous to that of the K3 surface; for one smooth structure, there is an Einstein metric, but for infinitely many others, no such metric exists. ♦ Of course, the K3 surface has the remarkable additional property that it admits only one differentiable structure for which there exists a compatible Einstein metric. In light of [5] , however, it seems unreasonable to hope for any such uniqueness statement to hold for the class of manifolds under discussion. Nonetheless, one might speculate that Einstein metrics can exist only for a finite number of smooth structures on any given topological 4-manifold. We hope this difficult question will become a fruitful topic for future research.
